We study the character amenability of semigroup algebras. We work on general semigroups and certain semigroups such as inverse semigroups with a finite number of idempotents, inverse semigroups with uniformly locally finite idempotent set, Brandt and Rees semigroup and study the character amenability of the semigroup algebra l 1 (S) in relation to the structures of the semigroup S. In particular, we show that for any semigroup S, if ℓ 1 (S) is character amenable, then S is amenable and regular.
Let A be a Banach algebra over C and φ : A → C be a character on A, that is, an algebra homomorphism from A into C, and let Φ A denote the character space of A (that is, the set of all characters on A). In [22] , see also [15] , Monfared introduced the notion of character amenable Banach algebras.
His definition of this notion requires continuous derivations from A into dual
Banach A-bimodules to be inner, but only those modules are concerned where either of the left or right module action is defined by characters on A. As such character amenability is weaker than the classical amenability introduced by Johnson in [16] , so all amenable Banach algebras are character amenable.
Approximate version of character amenability for Banach algebras was first introduced by Aghababa, Shi and Wu in [1] and further studied by the first author and Okelo in [21] for algebras defined over locally compact groups and second dual of Banach algebra.
Module character amenability of Banach algebras which defines the notion of invariant functional with respect to a Banach Bimodule with compatible actions and application to the semigroup algebras of inverse semigroup is also introduced by the authors in [3] .
Various aspects of cohomologies of semigroup algebras have been studied by several authors, most notably are Duncan and Namioka [9] , Duncan and Paterson [10] , Gronbaek [12] , Sadr and Pourabbas [24] , Lashkarizadeh and Samea [6] , Mewomo [18] , Mewomo and Ogunsola [20] and Dales, Lau and Strauss [8] .
It is shown in [9] that the amenability of semigroup algebra ℓ 1 (S) implies that the semigroup S is amenable. The authors in [24] characterized the approximate amenability of Brandt semigroup algebras. In particular, they showed that for a Brandt semigroup S over a group G with nonempty index set J, the semigroup algebra ℓ 1 (S) is approximately amenable if and only if G is amenable and J is finite.
No much work has been done to date on the character amenability version for semigroup algebra ℓ 1 (S) on a semigroup S, as in the other notions of amenability. It will be good to study this and see how the character amenability of ℓ 1 (S) affects the structure of S. Thus, in this work, we study the character amenability of semigroup algebras. We focus on certain semigroups such as inverse semigroup with a finite number of idempotents, inverse semigroup with uniformly locally finite idempotent set, Rees Semigroup, Clifford semigroup and Brandt semigroup and study the character amenability of ℓ 1 (S) in relation to the semigroup S.
Preliminaries
First, we recall some standard notions; for further details, see [7] , [8] and [19] .
Let A be an algebra. The character space of A is denoted by
For example, for x ∈ X, the map δ x : A → X defined by
is a derivation; derivations of this form are called the inner derivations.
Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach A-bimodule if X is a Banach space and if there is a constant k > 0 such
By renorming X, we can suppose that k = 1. For example, A itself is Banach A-bimodule, and X ′ , the dual space of a Banach A-bimodule X, is a Banach A-bimodule with respect to the module operations specified for by
for a ∈ A and λ ∈ X ′ ; we say that X ′ is the dual module of X.
We let M A φr denote the class of Banach A-bimodule X for which the right module action of A on X is given by x · a = φ(a)x (a ∈ A, x ∈ X, φ ∈ Φ A ), and M A φ l denote the class of Banach A-bimodule X for which the left module action of A on X is given by a · x = φ(a)x (a ∈ A, x ∈ X, φ ∈ Φ A ). If the right module action of A on X is given by x · a = φ(a)x, then it is easy to see that the left module action of A on the dual module X ′ is given by
. Let A be a Banach algebra and let φ ∈ Φ A , we recall from [15] , see also [22] 
(iv) A is right character amenable if it is right φ-amenable for every φ ∈ Φ A ; (v) A is character amenable if it is both left and right character amenable.
We also recall from [15] This characterization will be used in the work.
We recall that a semigroup is a non-empty set S with an associative binary 
idempotents in S is denoted by E(S). A semigroup S is semilattice if S is commutative and E(S) = S.
Let S be a non-empty set. Then
for the characteristic function of {s} when s ∈ S.
the semigroup algebra on S. For a further discussion of this algebra, see [7, 8] .
In particular, with A = ℓ 1 (S), we identify A ′ with C(βS), where βS is the
Stone-Čech compactification of S, and (A ′′ , 2) with (M (βS), 2), where M (βS)
is the space of regular Borel measures on βS of S; in this way, (βS, 2) is a compact, right topological semigroup that is a subsemigroup of (M (βS), 2)
after the identification of u ∈ βS with δ u ∈ M (βS). ℓ 1 (S) is commutative if and only if S is abelian.
There is always one character on the Banach algebra ℓ 1 (S): this is the augmentation character
Let T be a subsemigroup of a semigroup S. Then
General Results
In this section, we prove some general results which are useful in establishing our main results on semigroup algebras.
We note that the concept of φ-amenable Banach algebra in [17] is the same as right φ-amenable in [22] , see also [17, Let A⊗B be the projective tensor product of Banach algebras A and B. For
.
The following result is from [17] :
Proposition 3.2 Let A and B be Banach algebras with
φ ∈ Φ A and ψ ∈ Φ B .
Then A⊗B is (φ ⊗ ψ)-amenable if and only if A is φ-amenable and B is ψ-

amenable. In particular, A⊗B is left character amenable if and only if A and
B are left character amenable.
Let A be a Banach algebra and let J be a non-empty set. We denote by M J (A) the set of J × J matrices (a ij ) with entries in A such that
Then M J (A) with the usual matrix multiplication is a Banach algebra that belongs to the class of l 1 -Munn algebras introduced in [11] . The map 
It was remarked in [2] , that φ-biflatness of A in the sense of Sahami and Pourabbas in [25] implies left φ-biflatness in the sense of [2] .
Helemskii in [13] showed that a Banach algebra A is amenable if and only if it is biflat and has a bounded approximate identity. We give the character amenability version of this result. 
Results on semigroup algebras
In this section, we shall consider the character amenability properties of semigroup algebras.
Let S be a semigroup, for each φ ∈ Φ S , the mapφ :
is a character on ℓ 1 (S), and every character on ℓ 1 (S) arises in this way. Also, we often regard an element s ∈ S as an element of ℓ 1 (S), See [8] for details.
For a semigroup S, ℓ 1 (S)⊗ℓ 1 (S) is isometrically isomorphic to ℓ 1 (S × S),
and so, we identify (ℓ 1 (S)⊗ℓ 1 (S)) ′′ with ℓ 1 (S × S) ′′ . Under this identification, the bimodule operations are defined as follows:
Also, for all Ψ ∈ℓ ∞ (S), we have
Thus, for φ S ∈ Φ ℓ 1 (S) , a left [right] φ S -diagonal for ℓ 1 (S) with all the above identification and explanation, can be defined as follows:
(iii) φ S -virtual diagonal for ℓ 1 (S) if it is both a left φ S -virtual diagonal and right φ S -virtual diagonal for ℓ 1 (S).
For a semigroup S, given f ∈ ℓ ∞ (S), t ∈ S, we define the translation functions f t, tf by f t(s) = f (ts), tf (s) = f (st) (s, t ∈ S).
A continuous linear function µ on ℓ ∞ (S) is called (i) a mean if µ(1) = ∥µ∥ = 1, where 1 denotes the constant unit function on S;
(
ii) a left invariant if for each f ∈ ℓ ∞ (S), t ∈ S, we have µ(f t) = µ(f ); (iii) a right invariant if for each f ∈ ℓ ∞ (S), t ∈ S, we have µ(tf ) = µ(f ).
The semigroup S is left [right] amenable if there exists a left [right] invariant
mean on ℓ ∞ (S), and it is amenable if it is left and right amenable. For an inverse semigroup, left amenability is equivalent to right amenability, in which case, amenability is equivalent to left or right amenability. For detail see [9] . We recall that a Brandt semigroup S over a group G with index set J is the semigroup consisting of elementary J × J matrices over G ∪ {0} and a zero matrix 0. We write S = {(g) ij : g ∈ G, i, j ∈ J} ∪ {0}, with multiplication given
Proposition 4.1 Let S be a semigroup and φ
The Brandt semigroup is an inverse semigroup. 
Proposition 4.4 Let
where T is the ideal 
Theorem 4.5 Let S be an inverse semigroup with E(S) finite. Then ℓ 1 (S) is left character amenable if each maximal subgroup of S is amenable.
Proof Since E(S) is finite and S is inverse, then S has a principal series
of ideals of S, where K(S) is the minimum ideal, see [8, Theorem 3.12] . I j /I j+1 is a simple inverse semigroup with a finite number of idempotents, and so is a group. Also, for i = 1, 2, ..., n − 1, I i /I i+1 is 0-simple with a finite number of idempotents, and so is a completely 0-simple inverse semigroup, that is a Brandt For an inverse semigroup S, and p ∈ E(S), we set
Then G p is a group with identity p. It is called the maximal subgroup of S at p. We recall that a Clifford semigroup is an inverse semigroup S for which
. For a Clifford semigroup S, we have s ∈ G ss −1 , and so S is a disjoint union of the groups G p (p ∈ E(S)). See [14] for more detail.
Corollary 4.7 Let S be a Clifford semigroup over a finite semilattice Y (i.e.
an inverse semigroup which is a union of groups, see [4, pp. 127, 128] ). Then
Proof This follows from Theorem 4.
2
Let P be a partially ordered set. For p ∈ P, we define
Then P is locally finite if (p] is finite for each p ∈ P, and is locally C− finite for
A partially ordered set that is C− finite for some C is uniformly locally finite.
Let S be an inverse semigroup. Then S is [locally finite/ C-locally finite/ uniformly locally finite] if the partially ordered set (E(S), ≤) has the corresponding property.For detail, see [23] . 
and so, for each
Thus, by [22, Theorem 2.6 (i)], we have
is left character amenable for each λ ∈ J. 
Proof It is easy to see that E(S)
is semilattice, we have
for each x ∈ E(S). Thus, (E(S), ≤) is uniformly locally finite, and so the result follows by using Theorem 4.8. 
